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Abstract
We determine the equations which govern the gauge symmetries of worldsheets with local
supersymmetry of arbitrary rank (N;N 0), and their possible anomalies. Both classical and ghost
conformally invariant multiplets of the left or right sector are assembled into the components
of a single O(N)-supereld. The component with ghost number zero of this supereld is the
N -supersymmetric generalization of the Beltrami dierential. In a Lagrangian approach, and
after gauge-xing, it becomes the super-moduli of Riemann surfaces coupled to local super-
symmetry of rank N . It is also the source of all linear superconformal currents derived from
ordinary operator product techniques. The interconnection between BRST invariant actions
with dierent values of N  3, and their possible link to topological 2D-gravity coupled to
topological sigma models, are shown by straightforward algebraic considerations.
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1 Introduction
The quantum theories based on the symmetries of 2D-gravity coupled to local supersymmetry
have proven to be extremely powerful to describe physical phenomena.
The chosen rank of the supersymmetry varies from one application to the other. However,
very intriguing relations have been shown to exist between the various theories with dierent
values of N . In particular, the existence of a sort of embedding of N -theories into (N + 1)-
theories has been shown from several points of view [1, 2, 3]. This seems to privilege the theory
with N = 1, while the N = 3; 4 theories play a boundary role between the theories with a
relativistic matter interpretation, that is with N = 0; 1; 2 and the others.
Here we will show that a kind of universality also exists for the mathematical description
of worldsheets with extended supersymmetry, with a surprisingly simple algebraic structure.
We point out the possibility of generalizing the very old notion of Beltrami parametrization
of conformally invariant Riemann surfaces to the case where reparametrization invariance is
coupled to local worldsheet supersymmetry of arbitrary rank (N;N 0). We nd that the full
multiplet of conformally invariant 2D-supergravity of rank N in the left sector is made of all
possible 2D gauge elds valued in the antisymmetric tensor representations of O(N), with
similar properties in the right sector. Moreover the complete BRST equations of this theory,
and thus the algebra of its gauge transformations, follow from a universal vanishing curvature
condition in superspace. These will be described in sect. 2.
This formulation of the gauge symmetries of 2D-supergravities as a vanishing curvature
condition enables us to identify their ghost actions as a BF systems, which needless to say,
emphasizes the topological aspects of these theories. We will briefly elaborate on this by using
the Batalin-Vilkovisky (BV) framework [4] in sect. 3.
The BRST symmetry of the ghosts that we obtain coincides with that one obtains from the
usual operator product expansion (OPE) treatments of linear superconformal algebra (SCA).
Since we dene the complete set of gauge elds of conformal 2D-supergravity, we can use them
as background gauge elds. This gives quite a simple and clear reversed construction of the
currents of SCA by use of these background gauge elds as the sources of the currents.
When gauge xing the symmetries of a worldsheet with (N;N 0) local supersymmetry, the
gauge elds of 2D-supergravity should not be put equal to zero, since this would result in an over
gauge-xing for higher genera. Rather, they can be at most set equal to constant backgrounds
over which one should integrate, by taking also into account the remaining modular invariance.
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Our presentation has thus also the advantage of dening all (super)-moduli of extended 2D-
supergravities in a well-dened framework.
We illustrate some of our results in the cases of N = 2; 3 and (large) N = 4 supersymmetry.
We give a combinatoric proof that all pure 2D-supergravities with N  3 are anomaly
free, which would only allow their couplings to topological matter, in contrast with the cases
N = 2; 1; 0 for which critical matter must be introduced to compensate for the anomaly. We
also elaborate on the question of the consistent anomaly, for which we give explicit expressions
for N = 2; 3, which generalize the known results for N = 0; 1.
Finally, we demonstrate the embedding properties between N− and (N + 1)−theories, by
showing that for N  3 the BRST invariant action of the former can be considered as part of
the latter. We also suggest a link between these theories and topological 2D-gravity coupled to
topological sigma models with bosonic and fermionic coordinates.
2 Conformally invariant parametrization for 2D-supergravities
The Beltrami parametrization consists in expressing the squared length elements of the world-
sheet as
d2 = exp’(dz + zzdz)(dz + 
z
zdz): (1)
This parametrization is very natural because the Beltrami dierential zz undergoes the repa-
rametrization symmetry under a factorized form, and is dilatation invariant. More precisely,
the BRST symmetry transformation of zz(z; z) only involves a ghost c
z(z; z) (which can be
identied as a suitable combination of the two components of the ordinary reparametrization
ghost eld). In ref. [5], the extension of the Beltrami parametrization to the case of N = 1 2D-





































































This algebra has remarkable algebraic properties, and we will show how it can be generalized
to the case of extended supersymmetry of any given rank N . Eq. (2) has a simple supereld
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formulation. Indeed, by introducing one single Grassmann variable , these BRST equations






z)2 = 0; (3)
where D = @ + @z and the BRST transformation operator s and the dierential d = dz@z +
dz@z are unied into d^ = d+ s while the holomorphic part of the conformally invariant classical
gauge elds of N = 1 2D-supergravity and of their ghosts are assembled into the supereld
M^(z; z; ) as M^z = Mz + Cz with
Mz(z; z; ) = dz + zz(z; z)dz + 
1
2
z (z; z)dz; C
z(z; z; ) = cz(z; z) + γ
1
2 (z; z): (4)
By expanding (3) in ghost number and powers of  one recovers (2). Notice that the property
d^2 = s2 = 0 implies the N = 1 supersymmetry relation D2 = @z:
Eq. (3) can be understood as a direct consequence of the vanishing of the torsion in super-
space, without any reference to the OPE techniques. Since the Beltrami dierential and the
gravitino are the source of the energy-momentum tensor and of the supersymmetry current,
this can be seen as the possibility for a reversed, and perhaps more geometrical, construction
of superconformal quantum eld theory.
We now generalize this to higher rank supersymmetry. We use the natural framework
for extended 2D-supergravity, which, for the holomorphic sector, is the N -superspace with
coordinates (z; i), i = 1;    ;N [6, 7].
We dene the generalization in N -superspace of the one-form which unies the Beltrami
dierential and its ghost as













































(z; z), p = 1;    ;N , (with
ghost number zero) dene the conformally invariant left sector of the (N;N 0) 2D-supergravity.
The anticommuting elds 
1
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zi(z; z) are identied as the holomorphic parts of the N gravitini
(eventually they will be the sources of the N -supersymmetry currents) and the commuting
elds C0zij(z; z) are the components along z of the commuting O(N) gauge eld which gauges




(z; z), p = 2;    ;N ,
gauge the internal fermionic and bosonic symmetries of 2D-supergravity of rank N . Thus, the
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holomorphic components of the 2D-supergravity multiplet are quite simply identied as the




(z; z) are their ghosts, with








(z; z) have opposite statistics.
It is easy to verify that, as required by supersymmetry, the number of commuting elds in
this multiplet equals the number of anticommuting elds. Indeed, the number of independent




of rank p is equal to NCp. Since 0 =




p NC2p+1, which shows the required equality between the
number of bosons and fermions, necessary to ensure the eventual closure of the 2D-supergravity
algebra.









M^z = Mzz dz + C
z: (7)
One has the closure relation d^2 = 0, that is s2 = 0, if and only if
DiDj +DjDi = 2ij@z: (8)
Therefore, one has Di = @i + 
i@z in eq. (6).
The vanishing curvature condition (6) can also be understood as a realization of the abstract
algebra (8). The BRST transformations of the classical and ghost superelds are then easily
























Eq. (9) gives the classical gauge transformations of all components of the 2D-supergravity mul-
tiplet, simply by changing the ghosts into innitesimal parameters with the opposite statistics.
Let us notice that one can deduce the full BRST algebra from the sole knowledge of the
BRST transformation of the supereld Cz. Indeed, the complete BRST equations (6), can be
directly obtained from (10) with the substitutions
s! d+ s; Cz !Mz + Cz: (11)
It follows that the determination of the ghost transformation obtained from the OPE techniques
in superconformal quantum eld theory, as shown in ref. [2], would also indirectly permit the
determination of the gauge elds associated to these ghosts and of their transformation laws.
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3 The antighosts and the gauge-xed action
Usually antighosts are directly introduced as conjugate variables to the ghosts. This is a con-
sistent approach since one is mainly interested in superstring theory expressed in the (su-
per)conformal gauge. In order to remain in a geometrical framework, it is however interesting
to introduce in a gauge-independent way the conjugates of all elds contained in M^z(z; z; ).
To do so, we will use the BV formalism [4], where the (super)antields are naturally the duals
to the (super)elds [8]. The usual antighosts will be introduced afterwards via an appropriate
choice of the gauge function.
Let us denote the antields of Mzz and C
z as Mzz (with ghost number −1) and Czzz (with
ghost number −2), respectively, and dene
M^z(z; z; ) =
Mzzdz +
Czzzdzdz: (12)
The O(N) superspace decomposition of M^z is












i1    ip
(Czzip+1:::iNdz + czzzip+1:::iNdzdz : (13)
The invariant BV action which determines the BRST symmetry (6) is the part with ghost














This BV action satises a (rst rank) master BV equation. This means that it denes a nilpotent








The rst equation is identical to the BRST transformation law found earlier for M^z; the second
equation, which expresses the BRST transformation of antields, implies eventually that the
currents, in the superconformal gauge, are BRST-exact.
This form of the action (14) (prior to any kind of gauge xing) indicates the rather deep
connection of the theory with a topological BF type system. Notice that it contains no classical
part, since the part with ghost number zero of G^z in IBV consists of ghosts only.
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One naturally considers the gauge where one imposes that the gauge elds contained in
the expansion of M^z(z; z; ) are set equal to a background value, which we shall denote as
Mzz;bg(z; z; ). (The \superconformal gauge" is obtained for M
z
z;bg = 0.) This choice of gauge
implies the introduction of antighosts, with the following supereld expansion








i2    iNi1zzdz +    ; (17)































































The detailed expressions of szz = @zc
z + : : : and sMzz i1ip = @zm
z
i1ip + : : :, 1  p  N , follow
from the decomposition of eq. (9). We will shortly comment on the structure of these BRST
transformations of the elds Mzz i1ip in component formalism.
4 The currents and the background symmetry



















where B is odd (even) integer for anticommuting (commuting) Bz.
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The property that the above supereld currents (22) truly represent the linear SCA, and
that the currents that are obtained by its decompositions onto the various O(N) representations
are (classically) conserved, is warranted by the existence of the background gauge symmetry
for IGF , which generalizes the background reparametrization invariance of the purely bosonic
case. Let us now determine this symmetry, using the fact that we have at our disposal the
background supereld MzGF .
It is most convenient to represent the innitesimal O(N) supereld parameter of this
background gauge symmetry by an O(N) supereld ghost of opposite statistics, denoted as
z(z; z; ). Then one can ghostify the innitesimal background gauge transformations under
the form of an associated nilpotent generator s dened by the following equation:
(d+ s+ s) ~M








~Mz = M^z + z; (23)
where one assigns a new distinct ghost numbers to s and  with s
z = 0. The dierential
operators s and s anticommute. One can nd the transformation of the antighost B under s












































This background gauge symmetry determines the Slavnov identity of the theory, and also ensures
that the gauge-xed action has the relevant superconformal symmetry of rank N .
5 Pure component formalism and the cases N = 2; 3 and 4
We now show that the sole knowledge of a SCA in component formalism would also provide
the full information about the holomorphic Beltrami-like decomposition of 2D-supergravity and
the BRST quantization of worldsheets with extended supersymmetry.
In full generality, a linear SCA is a super Lie algebra, whose structure coecient determines













where fabc and g
a
bc are (constant) structure coecients such that s
2 = 0 on all elds and w(m) is
the conformal weight of the ghost ma. sγi has an expression analogous to sma. It is convenient
to separate the reparametrization ghost cz and the local worldsheet supersymmetry ghosts γi,
1  i  N , from the rest of the ghosts denoted as ma which are either odd or even and
correspond to the internal gauge bosonic and fermionic symmetries of the SCA.
The holomorphic components of the classical gauge elds can now be dened directly. They
are the Beltrami dierential zz, in correspondence with c
z, the N gravitini iz, in correspondence
with γi, and the components of 1-forms along dz, Maz dz, in correspondence with the ghosts m
a.
One denes the unied objects
cz ! ^z = dz + zzdz + c
z;
γi ! ^i = izdz + γ
i;
ma ! M^a = Maz dz +m
a: (26)
Then the full BRST algebra is simply read o from (25) as (for convenience we now incorporate
the elds ^i as a part of the M^a)





(d+ s)M^a = ^z@zM^
a − w(m)M^a@z^
z + fabcM^
bM^ c + gabcM^
b@zM^
c: (27)
By projection in ghost numbers and form degrees, the only nontrivial terms stemming from
these equations give at ghost number 2 the s-transformations of the ghosts as in eq. (25), and

































The rule for the sign in the above formula is that one has an upper sign when the ghost ma on
the right is commuting (corresponding to an anticommuting gauge eld Maz ).
It is ensured by construction that the BRST transformation laws (28) are nilpotent. More-
over, the projection in the component formalism of the supereld equations (6) turn out to be
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of the form of these last equations. The apparent complexity of the latter justies the O(N)
supereld notation, which captures the whole information about the gauge symmetries under
the form of a single zero curvature condition.









These currents would generate the BRST algebra (25) we started from by a mere application
of the OPE technique. They are also the components of the supercurrent Jz dened in the
previous section.
It is useful to illustrate these results explicitly in the cases N = 2; 3 and 4.
For N = 2, we have the Beltrami dierential zz, two gravitini i; (i = 1; 2) and one com-
muting gauge eld . Their associated ghosts are denoted as cz; γi and d, respectively. The



















where 12 = −21 = 1 and repeated indices are summed.
For N = 3, the O(3) decomposition gives the Beltrami dierential zz, three gravitini i,
three gauge elds i, and a fermionic eld ’, (i = 1; 2; 3). Their associated ghosts are denoted


































where ijk is the structure constant for SU(2).
For N = 4, the O(4) decomposition gives the Beltrami dierential, four gravitini, six com-
muting elds that one can assemble into a gauge eld for O(4)  SU(2)  SU(2) rotations,
four anticommuting elds for an internal local supersymmetry and one commuting eld for an
internal local U(1) symmetry. Associated with these, we have the reparametrization ghost cz,
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four supersymmetry ghosts γa, six SU(2)k+SU(2)k− symmetry ghosts c
i
 and one commuting
a and U(1) ghost d [9, 6]. Here the double index notation a = (; );;  = 1; 2 is used and
i = 1; 2; 3 [10]. This corresponds to the so-called large N = 4 SCA.


































































The free parameter x  k
+−k−
k++k− measures the asymmetry between the two SU(2) current alge-
bras. Its occurrence in the BRST algebra in component formalism is a peculiarity of the case
N = 4 and is allowed by the local isomorphism between O(4) and SU(2)  SU(2) [9]. The
SU(2) representation matrices R;ia



























 if  =  = 2
0 otherwise
; (33)
where i = (3; +; −) are the Pauli matrices in the Cartan basis and i = (3;−+;−−).
Indices are raised and lowered with the invariant tensors gij ; ab and their inverse given by
g+− = 2; g33 = 1; ()( ) =
1
2
  ; with 12 = 21 = 1; 11 = 22 = 0: (34)
The way the classical gauge elds associated to these ghosts transform is obtained by ap-
plying eq. (28), using the structure coecients that one can read from eqs. (30)-(32).
It is straightforward to verify on these examples the general results of the last sections. In
particular, the transformation rules for ghosts follow from eq. (10) in terms of N = 2; 3 and
4 superelds for each case,1 and the preceding results are obtained just by projecting on each
components.
1For N = 4, the parameter x must be introduced in the ghost and antighost supereld decomposition.
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6 The conformal anomaly
We now give a general formula for the value of the coecient of conformal anomaly of the ghost
system dened by the action IGF . To compute the anomaly, one can put M
z










Since a system of conformal elds (A;B) with Lagrangian A@zB has a conformal anomaly equal
to 2(6n2 − 6n + 1) where n is the conformal weight of the eld A and the sign + (−) occurs







6w(p)2 − 6w(p) + 1

; (36)
where w(p) = p2 − 1.
One has c(0) = −26; c(1) = −15; c(2) = −6, which express the well-known fact that super-
strings for N = 0, 1 and 2 have critical dimensions D = 26, 10 and 4 respectively, and, for all
values of N  3,
c(N) = 0; N  3: (37)




In the next section we will demonstrate it in another way which emphasizes the string embedding
property. Eq. (37) indicates that all superstrings based on the full O(N) superspace have
vanishing critical dimension for N  3 [7, 10, 2], and can therefore only be of a purely topological
nature.
Let us also consider the question of nding the anomaly, dened as the local 3-form solution
modulo d^-exact terms of the consistency equation
R
d^^3 = 0. The conventional consistent
anomaly, which is the possible local counterterm which can possibly break the conformal BRST
Ward identity, is the component 12 with ghost number 1 of ^3, dened modulo d- and s-exact
terms.
In the case of N = 0 supersymmetry, one has




This expression is in correspondence with the property that the violation of the conservation of




To generalize this expression to higher values of rank N , we must search for the possible
completion of ^z@z^
z@2z ^
z by terms such that the whole expression is d^-closed but not d^-exact.
This can be achieved by nding zero-forms 30 with ghost number three which must be BRST-
closed, and contain cz@zc
z@2z c
z.
Quite interestingly, power counting requirements (30 must be made of local terms with the
same canonical dimension as cz@zc
z@2z c
z) imply that we only have local solutions, i.e, solutions
which involve only positive powers of the derivative @z for N = 0; 1; 2; 3. Indeed, for higher
values of N , power counting forbids 30 to depend on the ghosts whose weight is bigger or equal
to one, and thus the consistency equation cannot be satised.
We nd the following expressions for the consistent anomalies in components:































(i; j = 1; 2);







































z; (i; j; k = 1; 2; 3); (39)
where ^; ^; ’^ are the unied elds as dened in eq. (26) for gravitini, gauge and fermionic elds.
The N=4 case is subtle because of the existence of a generator of dimension zero. For all
other values of N > 4, there is no consistent anomaly. This is compatible with the fact that
the sums of all ghost anomaly contributions vanish as shown in our computation in the rst
part of this section and also with the absence of central extension for N > 4 [7]. This property
probably expresses that the conformal eld theory is free of innities for N > 4.
7 The superstring embedding
The ghost system of the O(N) superspace is made of a tower of ghosts which describe the
antisymmetric tensors of O(N), with NCp ghosts with weight w(p) and statistics (−1)p+1. We
will show the interconnection of these systems when N varies.
Let us dene the following notation which denes the N -superstring from the knowledge of
its ghost spectrum:
N−theory  f (NCp; w(p)) ; 0  p  N g; (40)
where the rst entry indicates degeneracy and the second the conformal weight. The antighosts
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are implicitly dened as the duals of the ghosts, and the action is as in (21). The theory of
rank N − 1 is thus represented by
(N − 1)−theory  f (N−1Cp; w(p)) ; 0  p  N − 1 g: (41)
Thanks to this notation, it becomes almost obvious to see that embedding of the (N − 1)-
theory into the N -theory just follows from the relation
NCp = N−1Cp + N−1Cp−1; (42)
valid for all values of N  1 and p  1.
Indeed, this relation suggests considering the ghost system obtained by isolating in the N -
theory one ghost with weight w(1), N−1C1 ghosts with weight w(2),   , N−1Cp−1 ghosts with
weight w(p), and so on down to N−1CN−1 = 1 ghost with weight w(N). We can denote this
subsystem as
N−theory  f (N−1Cp−1; w(p)) ; 1  p  N − 1 g: (43)
But then, one has obviously from eq. (42)
N−theory  (N − 1)−theory [ N − theory: (44)
For N = 1; 2; 3, the N -theory are anomalous. More precisely: The 1-theory is made
from one (; γ) ghost-antighost pair and has c = 11; the 2-theory is made from one (; γ) pair
and one Grassmann-odd ghost-antighost pair contributing to the anomaly by the amount −2;
this theory has thus c = 11−2 = 9; nally, the 3-theory is made from one (; γ) pair, two odd
pairs contributing to the anomaly by the amount c = −2 2 and one even pair contributing to
the anomaly by the amount c = −1; the 3-theory has thus c = 11− 4− 1 = 6.
For N  4, one encounters a new regime. The 4-theory is made from one (; γ) pair, three
odd pairs contributing to the anomaly by the amount c = −2 3, three even pairs contributing
to the anomaly by the amount c = −1  3 and one odd pair contributing to the anomaly by
the amount c = −2; the 4-theory has thus c = 11− 6− 3 − 2 = 0. Since, on the other hand,
we can easily verify that for the 3-theory c = 0, we see that the 4-theory is also anomaly free,
which could of course be veried directly. Moreover, when computing the path integral over the
ghost and antighost elds, since both the 4-theory and 3-theory are separately anomaly free,
the elds of the 4-theory can be integrated out, and we obtain the result that the 3-theory is
embedded in the 4-theory.
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This can be pursued by induction. One can prove in this way (i) that the N -theory as well
as the (N + 1)-theory are anomaly free for N  3 and (ii), as a corollary, that the N -theory
is embedded in the (N + 1)-theory.
8 Connection to purely topological actions
Let us conclude by noting that the (N;N 0) theories can be also viewed as topological 2D-gravity
coupled to topological sigma models with bosonic and fermionic coordinates. The eld spectrum
of the left sector of a worldsheet with (N;N 0) local supersymmetry is made of 2N classical gauge
elds (including the Beltrami dierential) that we denoted as C
1−p=2
i1:::ip
, 1  p  N , and of 2N
ghosts, with an equal partition between bosons and fermions. One has a similar situation in the
right sector, by replacing N by N 0. For N = 1, it has been shown in refs. [3, 12] that the (1; 1)
2D-supergravity BRST algebra can be twisted into that of pure topological 2D-gravity by eld
redenitions mixing the gauge elds and the ghosts, and concluded that the N = 1 superstring
can be viewed as topological 2D-gravity coupled to a topological sigma model. Quite remarkably
this observation can be extended to the case of any given (N;N 0) local supersymmetry. Indeed,
in the left sector, one can do eld redenitions involving the 2N classical gauge elds and their
ghosts to obtain 2N−1 sets of topological pairs Y i, F i, 1  i  2N−1, such that sY i = F i,
sF i = 0. For N  2, the 2N−1 elds Y i consists of the Beltrami dierential, 2N−2 − 1 bosons
and 2N−2 fermions which can thus be interpreted as the coordinates of a topological sigma
model. (For N = 1, only the Beltrami dierential and its topological ghost occur.)
These eld redenitions, which modify the ghost numbers as well as the conformal weights,




by some of the ghosts c
1−p=2
i1:::iq
. They can be read o from the general formula for the
BRST transformation of (N;N 0) local supersymmetry. This is a mere generalization of getting












One can complete this picture by nding a ghost of ghost phenomenon which also generalizes




2 . This ghost
of ghost phenomenon simply takes into account all internal symmetries of O(N) superspace.
It is then possible to redene the antighosts as in refs. [3, 12], in a way which is the conjugate
to the redenitions of the ghosts. This amounts altogether to canonical transformations. In this
way, we nally arrive at the conclusion that the BRST invariant action for the pure worldsheet
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theories with (N;N 0) local supersymmetry can be also considered as topological 2D-gravity
coupled to a topological sigma model with 2N−2 − 1 bosonic coordinates and 2N−2 fermionic
coordinates in the left sector, and 2N
0−2−1 bosonic coordinates and 2N
0−2 fermionic coordinates
in the right sector.
Acknowledgement: Some of the calculations in this paper were done by using the OPE
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